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Abstract—A new approach to joint scheduling, ﬂow control
and routing in wireless networks, based on formulation as a
convex optimization problem is presented. This approach is
novel in that it integrates optimal scheduling and ﬂow control
with a modiﬁed version of minimum delay routing, resulting in
signiﬁcant performance advantage over alternative approaches.
We come up with a distributed algorithm for implementation
of the proposed scheme and show, by analysis and simulation,
that the algorithm achieves fairness and/or priorities among
users in accordance with pre-assigned user parameters. In sharp
contrast to alternative algorithms that perform scheduling and
packet routing based on per-session queue differential between
adjacent nodes, our algorithm uses a complete multi-hop view of
network conditions for packet routing and retains the desirable
properties of minimum delay routing. As the result, it achieves
queue sizes and end-to-end delays that are several times smaller,
without compromising the throughput.

I. I NTRODUCTION
In this paper, we propose and study a joint scheduling,
routing and ﬂow control algorithm for multi-hop wireless
networks, based on a single convex optimization problem.
The novel aspect of our formulation is that it integrates
optimal scheduling and ﬂow control with a modiﬁed version
of minimum delay routing, resulting in considerable performance advantage over the alternative approaches discussed
in [3], [4], [5], [6].
The problems of routing, ﬂow control, scheduling, and
power control all deal, in one form or another, with the
sharing of common resources among different users, in a
setting where both the resources and the users are distributed.
Therefore, these problems are fundamentally interrelated and
any scheme used to address one of them, will impact the
others. There have been many research efforts in the past,
trying to address these problems within a uniﬁed theoretical
framework and/or to provide coherent and well-coordinated
solutions to them. These research efforts fall in two categories. In one category, each problem is tackled, more or
less separately, but efforts are made to integrate the resulting
algorithms, in a coherent manner [7], [8], [9]. The second
category of research, to which the present paper belongs, are
those that try at the outset to capture multiple problems in one
theoretical formulation, thereby exploiting their relationship
and ﬁnding an integrated solution to them, in a natural way.

An early example of this latter approach is the uniﬁed
theory of ﬂow control and routing, developed in the context
of wireline networks, nearly 30 years ago [16], [18]. Another prime example is the optimal scheduling developed by
Tassiulas et al. in [3] for wireless networks witch, in effect,
accomplishes both routing and scheduling. Neely et al. built
upon this work to come up with a theory for power control,
scheduling and routing [4]. The capacity regions provided
by the algorithms in [3] and [4] are proved to be optimal,
in the sense that no other algorithm can provide service
to a set of input demands, if these algorithms fail to do
so. Another approach is that of Chen et al [5], which is
closely related to [3] and [4] in terms of the end result, but
not the underlying theory. However, the algorithms resulting
from these alternative formulations are surprisingly similar,
as far as routing and scheduling are concerned. Another
related work is [6] which extends the work of Chen [5] to a
multichannel scenario.
Unfortunately, the routing aspect of the algorithms in [3],
[4], [5], and [6] is not desirable since they do not use any
multi-hop view of the network map and trafﬁc conditions.
Instead, at each hop, packets are forwarded based on persession queue differentials between the current node and the
adjacent nodes. Until these queues are built up to appropriate
levels that enable sound routing, packets will wander in the
network in every possible direction. The result, as shown in
[14], is long routing paths, frequent out of order packets,
large delays, and high energy consumption, even when the
network is lightly loaded. Interestingly, these undesirable
features exist, even though the algorithms in [3], and [4]
are throughput optimal, as noted above. The reason behind
this apparent inconsistency is that, under these algorithms,
it takes a long time until queues are built up to the high
levels that can lead to proper queue differentials needed for
effective routing.
In this paper, we circumvent the above problems by taking
a different approach to the joint formulation of scheduling,
routing and ﬂow control. We start with the optimization
formulation for joint routing and ﬂow control in [16] and
[18], and ﬁnd a way of incorporating scheduling into this
framework that retains its desired minimum cost routing
property. We discuss the optimality conditions, establish

properties with respect to the provision of fairness and
priorities, and develop an algorithm for the solution which
is distributed as far as its routing and ﬂow control is concerned. The scheduling aspect of the algorithm boils down
to solving a variation of the maximum weighted independent
set(MWIS) problem on the conﬂict graph of the network, as
is the case in all the above-mentioned algorithms. We do not
attempt to ﬁnd approximate solutions to this problem, which
has been extensively studies elsewhere [10], [11], [12], [13].
Numerical and simulation studies on two networks with 22
and 39 links show that our algorithm, when compared to [5],
essentially achieves the same throughput, is somewhat better
in terms of fairness/priority properties, and is far superior
with respect to queue sizes and end-to-end delays.
The rest of the paper is organized as follows. In Sections
II, the system model is presented. Formulation of the problem
as convex optimization and its basic properties are discussed
in Section III. In Section IV, the problem is reformulated
to facilitate distributed implementation, and the optimality
conditions are discussed. A distributed algorithm for the
solution is presented in Section V, while Section VI deals
with the numerical study and simulation results. We close
the paper with some concluding remarks in Section VII.
II. S YSTEM M ODEL
Consider a wireless network with a set N of nodes and a
set L of one-way transmission links. We denote a link going
from node i ∈ N to node k ∈ N by (i, k). Let S denote
the set of all sessions in the network, and Sij , i = j stand
for the set of sessions originating at node i, and destined for
node j. Denote by rs , s ∈ S, the average rate of data from
session s that enters the network.
Let fik denote the average rate of data sent over link
j
, j = i, denote the average rate of data
(i, k) ∈ L, and fik
sent over link (i, k) that is destined for j. Thus,
 j
fik .
(1)
fik =
j=i

Clearly, at any node i and with respect to any destination j,
the following equality must hold:

v:(v,i)∈L

j
fvi
+


s∈Sij

rs =



j
fik
, i, j ∈ N , j = i. (2)

k:(i,k)∈L

Assume that there are B transmission channels, denoted
by b = 1, ..., B, shared by the network links. We use a
conﬂict graph to indicate the presence of harmful interference
between two links when they use the same channel, simultaneously. Let μik (b) denote the transmission rate afforded
to link (i, k), when it uses channel b in the absence of
harmful interference. Our analysis here assumes a static
network topology where the set of links and the set of link
transmission rates, μik (b), do not change with time. From
a practical viewpoint, this assumption is satisﬁed as long
as topology changes are slow compared to the convergence
time of the algorithms discussed here. We allow for multiple

radios per node, with Ri denoting the number of radios of
node i. Each link (i, k), however, may only use one radio
(i.e., one channel) at a time. Extension of results to a more
general scenario is readily possible.
We divide time into equal slots, and during each slot use a
ﬁxed assignment of channels to the links, across the network.
We use the term schedule to refer to a given set of channel
assignments to the links. More speciﬁcally, a schedule m
m
m
], with the entries ηik
,
corresponds to a vector η m = [ηik
(i, k) ∈ L, deﬁned as:

0 no channel is assigned to (i, k),
m
ηik 
b channel b, b = 1, ..., B, is assigned to (i, k).
(3)
m
= 0, will be referred to as active,
A link (i, k) for which ηik
according to schedule m. Deﬁne M to be the set of schedules
m that are feasible, i.e., satisfy the following restrictions:
i) At each node i, the number of outgoing and incoming
links that are active, does not exceed Ri .
m
=
ii) Any pair of links (i, k) and (v, w) for which ηik
m
ηvw = 0, are noninterfering, i.e., the corresponding
vertices in the conﬂict graph are not connected.
Clearly, |M| is ﬁnite, although it can be very large. Given the
conﬂict graph, B, and Ri ’s, the set M can be constructed,
in principle. Adopting a probabilistic view with respect
to channel scheduling, let ψm denote the probability that
schedule
m is used during an arbitrary time slot. Obviously,

ψ
m∈M m = 1. Deﬁne the scheduling probability vector
Ψ = [ψm ], to be composed of one component ψm per
schedule m ∈ M.
Finally, for each link (i, k), we deﬁne the capacity Cik as
the expected rate of service afforded to link (i, k), given a
scheduling probability vector Ψ. Cik may be expressed as,

ψm μm
(4)
Cik =
ik ,
m∈M

where we use μm
ik to denote the transmission rate of link (i, k)
m
under schedule m, i.e., μm
ik  μik (ηik ). For consistency, we
(0)

0.
Notice
that,
in
comparison
to the capacity of
let μm
ik
a wired link, here the transmission rate Cik is not provided
to link (i, k) on a steady basis; the actual rate of transmission
ﬂuctuates, with its average Cik depending on the scheduling
probabilities ψm .
Eq. (4) may be expressed in vector form as:

 =
C
ψm μ
 m,
(5)
m∈M

  [Cik ], and μ
m 
where the |L|-dimensional vectors C
],
m
∈
M,
are
comprised
of
one
component
per
link
[μm
ik
(i, k). We see from Eq. (5) that, under any ergodic scheduling
 can be expressed as a
policy P, the capacity vector C
convex combination of |M| vectors μ
 m , with the scheduling
probabilities ψm serving as the corresponding coefﬁcients.
Notice that the vectors μ
 m themselves are independent from
the scheduling policy P; each μ
 m is the capacity vector
under the scheduling policy that applies schedule m all the

time, i.e., with probability 1. Let us denote by C, the set of
 that can be obtained under some feasible
capacity vectors C
scheduling policy. It follows from (5) that C is a convex set.

hik(fik)

es (rs )

III. P ROBLEM F ORMULATION
The joint formulation of scheduling, ﬂow control and
routing proposed here is closely related to the uniﬁed theory
of ﬂow control and routing developed in late 1970’s [16],
[18]. We ﬁrst provide a brief overview of that work.

We temporarily remove the scheduling aspect from the
network model of section II, by assuming that all links
(i, k) are permanently active and have a ﬁxed service rate
Cik , (i, k) ∈ L. This would be the case, for example, if we
deal with a wireline network, or if there are enough channels
in the wireless network to allow permanent activation of all
links by using ﬁxed channels, without facing undue interference. Joint ﬂow control and routing in such a network can
be practiced by solving the following convex optimization
problem, across the network:


es (rs ) +
hik (fik ),
(6)
min J(r,f ) =
s∈S

(i,k)∈L

subject to rs ≥ 0,
j
≥ 0,
fik

(6a)
(6b)

and constraints (1) and (2). Here es (rs ) is a decreasing
convex cost function assigned to each session s, to reﬂect
user dissatisfaction when a rate rs smaller than some desired
rate r̃s is assigned to the user (Fig. 1(a)). We refer to
es (rs ) as the cost function of session s. Similarly, hik (fik )
is an increasing convex cost function assigned to each link
(i, k) ∈ L, to account for the cost of congestion on the
link. As the link ﬂow, fik , approaches the link capacity, the
average number of packets waiting on the link increases, and
so does the cost hik (fik ) (Fig. 1(b)). A natural choice for
the link cost functions is the average queue size on each
link, i.e., to set hik (fik ) = Dik (fik ), where Dik denotes the
average number of packets waiting to be sent on (i, k). A
more elaborate choice is to set
hik (fik ) = g(Dik (fik )),

(7)

where g(D) is a convex increasing function of D, that grows
rapidly as D approaches some critical threshold Dmax . For
more details, see [16].
The optimization in (6) is performed in terms of ﬂow
control control variables rs , collectively refered to as r, and
j
, that specify the routing and
per-destination link ﬂows fik
are collectively refered to as f . It is intuitively clear that at
a solution point (r∗ , f ∗ ) of (6), the optimal input rates r∗
strike a balance between the cost of congestion at the links
and the cost of restricting user rates. The optimal link ﬂows
f ∗ specify a routing that distributes the input trafﬁc (given
by r∗ ) among various network paths so as to minimize the
total network congestion.

rs

Cik

fik

(a) Cost of limiting the rate of ses- (b) Congestion cost of the ﬂow fik
sion s to rs .
on link (i, k).
Fig. 1.
routing.

A. Joint Routing and Flow Control

r,f

~
rs

Cost functions used in optimization for joint ﬂow control and

From Figures 1(a) and 1(b), it might visually appear that
the optimization (6) does not lead to complete or nearcomplete utilization of link capacities, even where a link is
in demand. This impression is not necessarily valid. As will
be demonstrated later, with proper scaling of the link and
user cost functions, the optimal point (r∗ , f ∗ ) of (6) will
result in full utilization of network resources. Still, one might
argue that it is preferable to use the following optimization
problem, instead of (6):

es (rs ),
(8)
min J(r, f ) =
s∈S

subject to the previous constraints and the new constraint
fik ≤ Cik .

(8a)

Here, instead of using link cost functions, one avoids congestion by incorporating constraint (8a) that allows utilization up
to the full capacity of each link. Indeed, (8) is an alternative
way of formulating network ﬂow control as convex optimization. This approach was proposed in late 1990’s [17].
In comparing (6) and (8), it is possible to interpret (6)
as an approximation to solving (8), using the well-known
barrier method, with hik (fik ), (i, k) ∈ L, serving as barrier
functions. However, this is not a comprehensive characterization of problem (6), since the capacity constraint (8a) is
not the only type of constraint that one faces in a network
with random trafﬁc. We also need to maintain manageable
queue sizes, and this requirement is best captured and most
directly expressed by problem (6), using link cost functions
deﬁned in (7).
The ﬂow control problem (8) was later adopted in [5] as
the basis for developing a joint scheduling, routing and ﬂow
control algorithm. In this paper, we also come up with a
uniﬁed formulation of scheduling, routing and ﬂow control;
however, our formulation is based on (6) and uses an entirely
different approach. The simulation and numerical results
presented in Section VI conﬁrm that the throughputs afforded
by these two algorithms are virtually identical. However, the
queue sizes and the end-to-end delays resulting from our
approach are far superior to that of [5]. The reason behind
this performance difference is that we incorporate optimal
scheduling into (6) in a manner that preserves its minimum
cost routing property, thus leading to a routing policy that

guides packets through the network along the least congested
paths. In [5], incorporation of scheduling and routing into (8)
is done differently, and leads to a routing policy that, like
algorithms in [3], [4], and [6], is based on a view depth of
only one hop, regarding network trafﬁc conditions.
B. Joint Scheduling, Routing and Flow Control
When scheduling is incorporated in the network model, the
link capacities (i.e., average service rates) Cik are adjustable
variables, and not given constants. Furthermore, the build
up of congestion on a link (i, k) depends on both the link
ﬂow fik and the capacity Cik . We are thus led to extend the
optimization problem (6) as follows, in order to account for
scheduling:


 =
es (rs ) +
hik (Cik , fik ), (9)
min J(r, f, C)

r,f,C

s. t.

s∈S



j
fvi

+

s∈Sij

(v,i)∈L

fik =


j=i



(i,k)∈L

rs =



j
fik
, i, j ∈ N , j = i,

(i,k)∈L

(9a)
j
fik
,

(9b)

0 ≤ rs ≤ r̃s ,

(9c)

j
fik

(9d)

≥ 0,

 ∈ C.
C

(9e)

Here, the optimization variables include r and f , as well as
 Notice that any feasible point (r, f, C)

the capacity vector C.
of (9) corresponds to a set of admissible session rates rs ,
j
, and a
a routing policy in accordance with link ﬂows fik
scheduling policy with scheduling probabilities ψm derived
from (5). Again, for the problem to be meaningful, the link
cost functions hik (Cik , fik ) should provide a good indication
of congestion on link (i, k). Since C is a convex set, convexity
of the problem is preserved, provided that hik is convex with
respect to the joint variables (fik , Cik ). More speciﬁcally,
assume that the session and link cost functions in (9) satisfy
the following:
A1: es (rs ), s ∈ S, is a twice continuously differentiable,
decreasing and strictly convex function of rs over the
region 0 < rs ≤ r̃s .
A2: hik (Cik , fik ), (i, k) ∈ L, is a twice continuously
differentiable and strictly convex function of the joint
variables (Cik , fik ) over the region 0 ≤ fik < Cik .
A3: hik (Cik , fik ) is increasing in fik , and decreasing in
Cik , for 0 ≤ fik < Cik .
−
, and
A4: hik (Cik , fik ) → ∞ as fik → Cik
hik (Cik , fik ) = ∞ for fik ≥ Cik .
Furthermore, we make the following natural assumption with
respect to service rates μik (b):
A5: μik (b) > 0, (i, k) ∈ L, b = 1, ..., B.
Corollary 1: Given A1-A5, the feasibility region of (9)
is nonempty. Furthermore, at any feasible point (r, f, c), we
have fik ≤ Cik , ∀(i, k) ∈ L.

This corollary which is easy to prove, veriﬁes that, at any
feasible point of (6), the average link ﬂows are kept below
the link capacities.
Theorem 1: Deﬁne the length of each link (i, k) ∈ L
ik ,fik )
, and denote the shortest
as it’s marginal cost ∂hik (C
∂fik
distance from i to j, for any node pair (i, j), by λji . At any
 ∗ ) of (9), the following are satisﬁed:
optimal point (r∗ , f ∗ , C
i: For any session s ∈ Sij ,
⎧
j∗
⎪
⎨≥ λi ∗
−es (rs∗ ) = λji
⎪
∗
⎩
≤ λji

rs∗ = r̃s
0 < rs∗ < r̃s
rs∗ = 0

(10)

∗

where λji denote the value of λji at the optimal point.
ii: Any active path between i and j is a shortest path. In
other words, if there is a path π from i to j such that
for some node l and for all links (v, w) that lie on π,
l∗
> 0, then π must be a shortest path between i and
fvw
j.
The above theorem can be proved by using (5) to replace
 with Ψ, then applying Karush-Kuhn-Tucker
variables C
Theorem [15] to to the problem. Details are omitted due to
lack of space.
∗
λji is a measure of the incremental cost of congestion
for any trafﬁc going from i to j. The above theorem states
that, at the optimal point, the trafﬁc is only moved along
paths that pose the smallest incremental cost of congestion.
Furthermore, each optimal rate rs∗ is chosen such that the
incremental reward to session s and the incremental cost
of congestion to the network are equal—see(10). Motivated
by this result, we introduce the following deﬁnitions, the
signiﬁcant of which will be shortly explained:
Deﬁnition 1: The priority function of each session s ∈ S,
is minus derivative of its cost function, i.e., −es (rs ).
Deﬁnition 2: The congestion measure of each session s ∈
Sij , denoted as γs , is equal to the shortest distance of i and
j at the optimal point of (9), i.e.,
γs = λji

∗

(11)

C. Multipath Routing with Shortest Distance
The second property stated in Theorem 1, summarizes
the important routing features of the proposed scheme that
sets it apart from the alternative schemes proposed in [3],
[4], [5], and [6]. According to this property, at the optimal
point of (9), all trafﬁc is sent to the destination over the
least congested paths, i.e., paths with the shortest distance.
This does not imply, however, that all trafﬁc going from an
origin node i to a destination node j moves along a single
path. In fact, the opposite is typically true since the act of
load balancing that is inherent to optimization (9) often gives
rise to multiple equidistance paths between different origindestination pairs.

D. Provision of Fairness and Priorities
Consider the following class of priority functions:
α ϑ
.
(12)
−e (r) =
r
In view of (11), the following observations can be made:
1- Let two sessions s and u have priority functions of form
(12) with coefﬁcients αs , αu , and ϑs = ϑu . Furthermore,
assume that γs = γu . This could be the case, for example,
when s and u share the same origin and destination. It follows
from (10), (11) and (12) that
αs
rs∗
=
,
ru∗
αu

(13)

meaning that, under similar conditions expressed by the
congestion measure, rates are assigned in proportion to the
coefﬁcient α.
2- In the above scenario, let γs = κ.γu , and αs = αu .
This could be the case, for example, if the number of hops
included in the routing path of s is κ times the routing path
of u, and all hops have the same distance (i.e., experience
the same congestion). In this case, it follows that
1
rs∗
.
= √
ϑ
∗
ru
κ

(14)

For ϑ = 1, rs∗ is less than ru∗ by a factor of κ. As ϑ increases,
penalization of session s due to its higher congestion measure
(e.g., its longer path) reduces. In the limit, when ϑ becomes
very large, rs∗ and ru∗ are almost equal. This limiting case,
is actually equivalent to using a maximin criterion [1] in
assigning rates to sessions.
3- Finally, for a single session s, we can conclude from
(11) and (12) that
1 dγs
drs∗
=−
.
rs∗
ϑ s γs

(15)

This indicates that, as the congestion measure γs increases,
the relative decrease in rs∗ equals the relative increase in
γs , times ϑ1s . For example, for ϑs = 2, a 10% increase in γs
results in a 5% decrease in rs∗ . In other words, as ϑs becomes
larger, the sensitivity of the allocated rate to the congestion
measure goes down.
In conclusion, the above observations indicate that the
rates assigned to sessions at the optimal point of (9) are not
arbitrary and are based on predeﬁned rules of competition.
Speciﬁcally, observation 1 amounts to a fairness property,
whereas observations 2 and 3 suggest a mechanism for giving
priorities to sessions.
E. Choice of Link Cost Functions
The optimization problem (9) can be viewed as a generalization of the minimum delay routing problem [2]. The
most natural choice for the cost functions hik (Cik , fik )
would be to set them equal to the average queue size of
the corresponding links, Dik (Cik , fik ). Unfortunately, Dik
is not a convex function of the joint variables (Cik , fik ),
although it is convex with respect to Cik or fik , alone.

To circumvent this problem, and also to alleviate the need
for estimating derivatives of Dik (needed in an iterative
algorithm for solving (9)), we may use a cost function of
the form
ν
hik (Cik , fik ) = Cik

ρik
0

Dik (ρik )dρik ,

(16)

where ρik = fik /Cik , and Dik (ρik ) is the average queue size
on link (i, k). This cost function can be shown to possess the
required properties A2-A4, for ν > 1. While the theoretical
results of this section and Section IV are valid for any choice
of link cost functions that conform to A2-A4, the simulation
results in Section VI are based on the choice in (16).
IV. F ORMULATION FOR D ISTRIBUTED I MPLEMENTATION
In [2], Gallager develops a distributed algorithm for solving the minimum delay routing problem. In [16], distributed
algorithm for joint ﬂow control and routing based on (6)
are developed. The key to these approaches is a new set of
routing variables that facilitate distributed implementation.
Since the structure of our problem, as far as routing variables
are concerned, is identical to the minimum delay routing
problem, we adopt the same approach here. Let rij denote
the total rate of trafﬁc entering the network at node i and
destined for j. Clearly,

rs .
(17)
rij =
s∈Sij

Let tji be the total expected trafﬁc (or node ﬂow) at node i
destined for node j. Thus tji includes both rij and the trafﬁc
from other nodes that is routed through i for destination j.
j
/tji . Denote
Finally, deﬁne the routing parameter ϕjik  fik
j
by Φ and t the set of fractions ϕik , and
 the set of node ﬂows
tji , respectively. Clearly, Φ satisﬁes k:(i,k)∈L ϕjik = 1, and
ϕjik ≥ 0, for j = i. Moreover, we have:
 j j
tk ϕki ,
(18)
tji = rij +
k:(k,i)∈L
j
= tji ϕjik .
fik

(19)

We also take ϕjik = 0, for i = j, and assume that for each
i, j, i = j, there is a routing path from i to j, which means
there is a sequence of nodes i, k, l, ..., m, j, such that ϕjik >
0, ϕjkl > 0, ..., ϕjmj > 0. We take the following theorem from
[2]:
Theorem 2: Let a network have the input set r and the
routing parameter set Φ. Then the set of equations (18) and
(19) have a unique solution for t and f . Each component
j
is nonnegative and continuously differentiable as a
tji or fik
function of r and Φ.
Changing the routing variable set from f to Φ, and also
utilizing Eq. (5), we are able to restate the optimization
problem (9) in terms of the new parameter sets Φ and Ψ,
as follows:

min J(r, Φ, Ψ) = E(r) + H(r, Φ, Ψ),

r,Φ,Ψ

s.t. ψm ≥ 0,
m ∈ M,

ψm = 1,
m∈M
ϕjik



≥ 0,

(20a)
(20b)

(i, k) ∈ L, j = i, i, j ∈ N ,

ϕjik

= 1,

(20)

j = i, i, j ∈ N ,

(20c)
(20d)

k:(i,k)∈L

0 ≤ rs ≤ r̃s ,

s ∈ S,

where
E(r) =



(20e)
(21)

hik Cik , fik .

(22)

s∈S

H(r, Φ, Ψ) =

V. A M INIMUM C OST J OINT ROUTING , F LOW C ONTROL ,
AND S CHEDULING (MCRFS) A LGORITHM
In this section, we present a distributed algorithm for
solving (20), to which we shall refer as the minimum
cost joint routing, ﬂow control, and scheduling (MCRFS)
algorithm. In this algorithm, the routing, scheduling and ﬂow
control parameters are updated as follows:
A. Routing

es (rs ),



 ∗ ) of problem
Theorem 4: For any optimal point (r∗ , f ∗ , C
∗
∗
(9), there exists some feasible Ψ and Φ such that the optimality conditions (24) and (25) hold true for (r∗ , Φ∗ , Ψ∗ ).

Each time a packet for destination j arrives at a node i,
it is added to the queue of the outgoing link (i, k ∗ ), that
provides the shortest path to the destination. In other words,
the outgoing link (i, k ∗ ) is determined as:
k ∗ ∈ arg

(i,k)∈L

Cik is given in (4) in term of Ψ. fik is given in (1), where
j
are implicitly given by (18) and
per-session link ﬂows fik
(19) in terms of r and Φ, as established in Theorem 2.
A. Optimality Conditions
The objective function in (20) is not convex in terms of the
variable set (r, Φ, Ψ), due to the nonlinear relationship between Φ and f . We have established the following optimality
conditions for (20), which are stated here without proof due
to lack of space:
Theorem 3: Sufﬁcient conditions for optimality of a feasible point (r∗ , Φ∗ , Ψ∗ ) of (20) is that there exist numbers
ζm , m ∈ M, such that:
⎧
⎪= −es rs∗
0 < rs∗ < r̃s ,
∗
∗
∗ ⎨
∂H(r , Φ , Ψ )

∗
rs∗ = 0 ,
≥ −es rs
⎪
(23)
∂rij
⎩
rs∗ = r̃s ,
≤ −es rs∗
i, j ∈ N , i = j, s ∈ Sij ,
∗
∗
∂hik (Cik
, fik
) ∂H(r∗ , Φ∗ , Ψ∗ )
∂H(r∗ , Φ∗ , Ψ∗ )
+
≥
,
j
∂fik
∂rk
∂rij
(i, k) ∈ L, i, j ∈ N , i = j,
(24)



− μm
ik

(i,k)∈L

∗
∗
∂hik (Cik
, fik
)
≤ ζ,
∂Cik

m ∈ M,

(25)

∗
with equality in (24) and (25), if ϕj∗
ik > 0, and ψm > 0,
∗
∗
respectively. In (24) and (25), Cik and fik are the link
capacities and ﬂows corresponding to Ψ∗ , r∗ and Φ∗ , and
∂H/∂rij satisfy the set of equations

∂H(r, Φ, Ψ)
∂rij

=


k:(i,k)∈L

ϕjik

where
Bij =

∂H(r,Ψ,Φ)
∂ϕjik



min

k: (i,k)∈L, k∈B
/ ij

= tji



∂H(r, Ψ, Φ)/∂ϕjik ,

∂hik (Cik ,fik )
∂fik

k : (i, k) ∈ L, ∂H(r,Ψ,Φ)
<
∂r j
i

+

∂H(r,Ψ,Φ)
j
∂rk

∂H(r,Ψ,Φ)
j
∂rk

+

(27)

,

and

∂hik (Cik ,fik )
∂fik

The routing parameters Φ are updated continually by the
corresponding nodes, based on the packet routing decisions
made so far, and using the exponentially weighted averaging
rule. Then, ϕjik , k ∈ Bij , are set to zero and the remaining
ϕjik , k ∈
/ Bij , are normalized, so that they add up to
one. It can be shown that the above routing decision, in
effect, corresponds to slightly increasing ϕjik∗ , and making
up for this increase by proportionately decreasing ϕjik , for
other outgoing links (i, k). Notice that the routing algorithms
proposed in [16] and [2] differ from the approach here, in
that they ﬁrst update Φ and then use Φ to randomly choose
the outgoing link for each packet.
The role of the blocking sets Bij in the algorithm is to
prevent the occurrence of routing loops, as discussed in [2].
The marginal costs ∂H/∂rkj are regularly updated by each
node k, using (26), and the results are sent to the neighboring
nodes [2].
B. Flow control
For each session s, the rate is periodically updated based
on the difference between the sessions’s priority function and
its incremental cost of congestion. More precisely, the new
rate r̂s is determined as
⎧
⎪
0 ≤ rs − α δs ≤ r̃s
⎨rs − α δs
r̂s = 0
(28)
rij − α δs ≤ 0
⎪
⎩
rs − α δs ≥ r̃s
r̃s

where rs is the current rate of s, α is a positive scale factor,
∂hik (Cik , fik ) ∂H(r, Φ, Ψ) and
+
∂fik
∂rkj

∂J(r, Ψ, Φ)
∂H(r, Ψ, Φ)
δs =
= es (rs ) +
.
(29)
∂rs
∂rij
i, j ∈ N , i = j.
(26) Here, i and j are the origin and destination of session s.


.

C. Scheduling

3

2

For each time slot, the optimal schedule m∗ is chosen as:

m∗ = arg max
μm
(30)
ik wik ,
m∈M

1

D. Choice of Cost Functions hik (Cik , fik )
While the methodology, optimality conditions, the algorithm proposed in this paper and its convergence properties
are valid for any choice of the cost functions hik (Cik , fik )
that comply with A2-A4, we have used the cost functions
(16) with ν = 1 for the simulations discussed in Section
VI. With this choice, the marginal cost functions needed to
compute (27) - (30) in each step of the algorithm, can be
expressed as:
∂hik (Cik , fik )
= Dik (ρik ),
(31)
∂fik
ρik
∂hik (Cik , fik )
Dik (ρik )dρik − ρik Dik (ρik ). (32)
=
∂Cik
0
It can be shown that, on the RHS of (32), the integral term is
strongly dominated by the second term, particularly when ρik
is close to 1. This allows us to evaluate the integral term by
applying rough numerical approximations, without worrying
about the overall accuracy of the algorithm.
E. Chen’s Algorithm (for comparison)
As explained in the introduction, the algorithms by Tassiulas [3], Neely [4], Merlin [6], and Chen [5] are essentially
identical, as far as routing and scheduling are concerned.
Since Chen’s algorithm also includes ﬂow control, it provides
the best match for comparison with our algorithm. This algorithm, maintains separate queues at each node for the trafﬁc
going to each destination. The algorithm, when adapted to
our network model and notation, may be stated as follows:

6
11

∂hik (Cik , fik )
.
∂Cik

For the case of B = 1 channel, the optimization in
(30) boils down to the well-known maximum weighted
independent set (MWIS) problem over the conﬂict graph
of the network. For B > 1, (30) deﬁnes a more general
problem on the conﬂict graph, to which we may refer as the
multichannel MWIS problem.
It turns out that the scheduling parameters Ψ need not be
determined explicitly in order to run this algorithm. However,
as we mentioned in connection with routing updates, the
above scheduling decision amounts to slightly increasing
ψm∗ , and making up for this increase by proportionately
decreasing other scheduling probabilities ψm .
We have analyzed the above MCRFS algorithm and shown
that it has desirable convergence properties. Details are
beyond the available space in this paper.
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(i,k)∈L

where the link weights wik are deﬁned as
wik = −

4

7
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8

Fig. 2. Topology of networks N1 and N2, consisting of 12 nodes and 22
one-way links. Notice that there are no links from node 6 to node 5, and
from node 0 to node 11.
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Fig. 3. Topology of network N3, consisting of 15 nodes and 39 one-way
links. Node 2 does not have any outgoing link.

For scheduling during each time slot t, ﬁrst the best
destination jik to be served on each link (i, k) ∈ L, is
determined as:
jik = arg max [Qji − Qjk ],
j

(33)

where Qji is the total amount of data stored, at the beginning
of t, at node i and destined for node j. Then, the optimal
schedule m∗ is determined from (30), with the link weights
wik deﬁned as:
(34)
wik = Qji ik − Qjkik .
For ﬂow control, the rate rs of each session s ∈ Sij , is
frequently updated as the solution to the following equation:
−es (rs ) = Qji .

(35)

VI. S IMULATION R ESULTS
In this section, we use simulation to study the behavior of
the proposed MCRFS algorithm as outlined in (27)-(30), and
to compare its performance with Chen’s algorithm as stated
in (33)-(35).
A. Simulation Experiments
We present the results of four simulation experiments on
three networks, as explained below.
Common Features: The following features are commonly
assumed in all cases. All packets are of equal length. There
is only B = 1 channel available. A one-hop interference

model is assumed, i.e., we assume that two links (i, k) and
(v, w) cannot be activated at the same time if i = v, or
(i, w) ∈ L, or w = k, or (v, k) ∈ L. The transmission rates
of activated links are independent of the receiving nodes, i.e.,
μik = μi , ∀(i, k) ∈ L. All active sessions are greedy, i.e.,
r̃s = ∞, ∀s ∈ S. For an active session with the assigned
rate rs , packets arrive with constant interarrival times r1s . In
the case of both algorithms, the MWIS problem (30) arising
in each time slot is solved exactly and through exhaustive
search.
Network N1: This network is based on the loop topology
of Fig. 2, consisting of 12 nodes i = 0, 1, ..., 11, all with
transmission rate μi = 5 packets/slot, and 22 (one-way) links.
Each pair of adjacent nodes are connected in both directions,
except for the node pairs (5, 6) and (11, 0) which are only
connected in the clockwise direction. This could happen, for
example, when nodes 0 and 6 are able to communicate with
one neighbor which is closer, but not the other neighbor.
There are 12 1-hop sessions, going from each node i to node
i ⊕ 1, where ⊕ denotes modulo 12 addition. Similarly, there
are 12 6-hop sessions, going from each node i to node i ⊕ 6.
All 24 sessions are permanently active, after t = 0.
Network N2: This network is identical to network N1,
except that there are 2 additional 6-hop sessions, from node 0
to node 6, and from node 6 to node 0. These two sessions are
uncontrolled, i.e., they are not subject to ﬂow control. They
periodically, and synchronous with each other, spend 5,000
slots in the OFF state and 5,000 slots in the On state. In the
On state, each one transmits at the rate of 1.67 packets/slot.
Network N3: This network has 15 wireless nodes and 39
one-way links, as shown in Fig. 3. The node transmission
rates are assumed to be μi = 1 packet/slot for all i, except
for the central nodes i = 4, i = 8, i = 12, for which we
let μ8 = 4 packets/slot, and μ4 = μ12 = 2 packets/slot. To
reveal a potential problem in Chen’s algorithm, node 2 is
assumed to have no outgoing link. This could occur, for
example, when a node runs out of sufﬁcient power for
transmission. There are 4 metasessions (to be shortly deﬁned)
originating from each network node. The activity of each
metasession follows an ON-OFF markov process, with the
average ON and OFF periods equal to 5,000 slots. They are
called metasessions because each of them, at the beginning
of every new ON state, randomly picks up a new destination
for itself, in effect becoming a new session. Therefore, at
any time, we have an average of 30 active sessions in the
network, and an average of 2 (and a maximum of 4) active
sessions per originating node. These sessions are randomly
replaced by new sessions with new destinations, as explained.
Sessions priority Functions: The following two priority
functions are used in the experiments:
P1: −e (r) = 10
r
P2: −e (r) = 10
r2
Experiment 1: The MCRFS algorithm was tested on
network N1, using both priority functions P1 and P2, with a
runtime of 40,000 slots. Simulation results are illustrated in
Fig. 4.

0.9
Calculated Rate
Maximum Rate
Minimum Rate

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

1−hop,P1

6−hop,P1

1−hop,P2

6−hop,P2

Fig. 4. Assigned rates under the MCRFS algorithm for Network N1. The
results on the left hand and right hand sides are obtained under P1 and P2,
respectively.

Experiment 2: Both algorithms were tested on network
N1, using priority function P1, with a runtime of 40,000 slots.
For simulation results see Fig. 5.
Experiment 3: Both algorithms were tested on network
N2, using priority function P1, with a runtime of 40,000 slots.
Simulation results are shown in Fig. 6.
Experiment 4: Both algorithms were tested on network
N3, using priority function P1, with a runtime of 70,000 slots.
Fig. 7 illustrates the simulation results.
B. Analysis of Results
We now study the results of simulation from several
perspectives.
1) Fairness among Sessions: Due to the symmetry in
Network 1, it can be shown that, under perfect fairness, all
1-hop sessions must have the same rate r1−hop . Similarly,
all 6-hop session should have equal rates r6−hop . Moreover, under priority functions P1 √
and P2, we must have
r1−hop = 6 r6−hop , and r1−hop = 6 r6−hop , respectively.
With the existing symmetry and the one-hop interference
model assumed, one can easily conclude that each clockwise
link should be activated during one third of time slots,
provided that routing is loop-free. Therefore, for clockwise
links, Cik = μi /3. Assuming further that clockwise links
are fully utilized, we get r1−hop + 6 r6−hop = μi /3 = 5/3
packet/slot. The ideal rates calculated from these results,
under P1 and P2, are illustrated in Figures 4 and 5(a), along
with simulation results. In Fig. 4, we note a perfect match
between calculated results and the highest and the lowest
rates assigned to sessions with equal hop count, under both
priority functions P1 and P2. We also notice that under P2,
assigned rates are less impacted by the number of hops,
compared to P2. We conclude that algorithm MCRFS, at
least for Network N1, perfectly matches expectations with
respect to fairness.
In Fig. 5(a) we note that the highest and the lowest rates
assigned under Chen’s algorithm to sessions with equal hop
count are different by about 25%, in the case of 1-hop
sessions, and by about 10%, for 6-hop sessions. We may
conclude that Chen’s algorithm also achieves some fairness,
although it is very coarse.
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Performance comparison between the MCRFS and Chen algorithms for Network N2.

2) Throughput: We have already noticed in Fig. 4 that
maximum throughput is achieved under the MCRFS algorithm, with both functions P1 and P2. Fig. 5(a) shows that
the throughput under Chen’s algorithm (with P1) is slightly
smaller, compared to MCRFS algorithm. Fig. 6(b) indicates
more difference in the throughput under the two algorithms.
This is because Chen’s algorithm shows slowness (Fig. 6(b))
in adopting to the ON-OFF behavior of the uncontrolled
sessions. Finally, we notice in Fig. 7(a) that the throughput
of Network 3 under Chen’s algorithm is slightly better than
MCRFS algorithm. Exact numerical evaluation of simulation
results puts the difference at 1.8%.
3) Queue Sizes and End-to-End Delays: Here is where
the most signiﬁcant difference between the two algorithms
is noticed. Figures 5(b) and 7(b) compare the node queue
sizes under the two algorithms, once they are averaged over
time. Figures 6(c) and 7(d), compare the time variations of
node queue sizes under the two algorithms, after the queue
sizes have been averaged across network nodes. Notice that
the term node queue, in the case of MCRFS algorithm,
refers to the aggregated queue of all outgoing links at the
node. For Chen’s algorithm, the aggregated queue of all
sessions at a node is referred to as node queue. Overall, we
notice that the queues sizes under Chen’s algorithm are much
larger than MCRFS algorithm, often by a factor exceeding

10. The difference in queue sizes translates into a huge
difference in end-to-end delays, as witnessed by Figures 5(c)
and 7(f). Finally, Figure 7(c) compares the maximum queue
size attained by each node during the course of simulation,
under the two algorithms. According to this ﬁgure, buffer
requirements under the MCRFS algorithm, are substantially
less than Chen’s algorithm.
The reason behind these signiﬁcant differences in delays
and queue sizes of the two algorithms are already discussed
in the Introduction and in Section III.
Lastly, we notice from Fig. 7(e) that the queue of node
2, which has no outgoing link, grows indeﬁnitely under
Chen’s algorithm. These packets are either admitted to the
network at node 2 or forwarded from neighboring nodes, due
to the algorithm’s peculiar routing mechanism. Notice that,
although the queue of each session at node 2 must reach
some equilibrium, the total number of packets trapped there
continues to increase as new sessions are activated.
VII. C ONCLUSION
We used a uniﬁed convex optimization framework to
come up with a joint scheduling, ﬂow control and routing
algorithm. Our approach is novel in that it can be viewed
as a generalization of minimum delay routing, and guides
trafﬁc along path or paths that have the shortest distance (with
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Performance comparison between the MCRFS and Chen algorithms for Network N3.

the length of each link properly deﬁned). We noticed that
this property gives rise to substantial performance advantage
over alternative algorithms in terms of queue size, power
consumption, and end-to-end delays, without compromising
the throughput. We also established, through both simulation
and analysis, that the algorithm possesses desirable properties
with respect to the provision of fairness and priorities among
the users.
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